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Regular sets of matrices and applications 
Abstract 
Suppose A1,....,As are (1, -1) matrices of order m satisfying 
AiAj=J, i,jє{1,...,s} 
AtiAj=A
t
jAi=J, i≠j, i,jє{1,...,s} 
∑(AiAti + ATiAi) = 2smIm 
JAi = AiJ = aJ, i є {1,....,s}, a constant 
Call A1,.....,As a regular s-set of matrices of order m if Eq. 1-3 are satisfied and a regular s-set of regular 
matrices if Eq. 4 is also satisfied, these matrices were first discovered by J. Seberry and A.L. Whiteman in 
"New Hadamard matrices and conference matrices obtained via Mathon's construction". Graphs and 
Combinatorics. 4(1988), 355-377. In this paper, we prove that 
(i) if there exist a regular s-set of order m and a regular t-set of order n there exists a regular s-set of order 
mn when t = sm 
(ii) if there exist a regular s-set of order m and a regular t-set of order n there exists a regular s-set of order 
mn when 2t = sm (m is odd) 
( iii) if there exist a regular s-set of order m and a regular t-set of order n there exists a regular 2s-set of 
order mn when t = 2sm As applications, we prove that if there exist a regular s-set of order m there exists 
(iv) an Hadamard matrices of order 4hm whenever there exists an Hadamard matrix of order 4h and s = 
2h 
(v) Williamson type matrices of order nm whenever there exists Williamson type matrices of order n and s 
= 2n 
(vi) an OD(4mp;ms1...., msu) whenever an OD(4p;S1,...,su) exists and s = 2p 
(vii) a complex Hadamard matrix of order 2cm whenever there exists a complex Hadamard matrix of 
order 2c and s = 2c This paper extends and improves results of Seberry and Whiteman giving new classes 
of Hadamard matrices, Williamson type matrices, orthogonal designs and complex Hadamard matrices. 
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Abstract. Suppose AI> ...• A, are (I. -I) matrices of order m satisfying 
AjAj=J. i.jE{I •... s} 
A;Aj=A;Aj=J. i#j. i,jE{I, ...• s} 
i=l 
JAj = AJ = aJ. i E {I, ...• s}. a constant 
(I) 
(2) 
(3) 
(4) 
Call A l' ...• A, a regular s-set of matrices of order m if Eq. 1-3 are satisfied and a regular s-set of 
regular matrices if Eq. 4 is also satisfied. these matrices were first discovered by 1. Seberry and 
A.L. Whiteman in "New Hadamard matrices and conference matrices obtained via Mathon's 
construction". Graphs and Combinatorics. 4(1988), 355-377. In this paper, we prove that 
(i) if there exist a regular s-set of order m and a regular t-set of order n there exists a regular s-set 
of order mn when t = sm 
(ii) if there exist a regular s-set of order m and a regular t-set of order n there exists a regular s-set 
of order mn when 2t = sm (m is odd) 
(iii) if there exist a regular s-set of order m and a regular t-set of order n there exists a regular 2s-set 
of order mn when t = 2sm 
As applications, we prove that if there exist a regular s-set of order m there exists 
(iv) an Hadamard matrices of order 4hm whenever there exists an Hadamard matrix of order 4h 
and s = 2h 
(v) Williamson type matrices of order nm whenever there exists Williamson type matrices of order 
nand s = 2n 
(vi) an OD(4mp;ms 1 ••••• msu ) whenever an OD(4p;Sl'" .• s.) exists and s = 2p 
(vii) a complex Hadamard matrix of order 2cm whenever there exists a complex Hadamard matrix 
of order 2c and s = 2c 
This paper extends and improves results ofSeberry and Whiteman giving new classes of Hadamard 
matrices. Williamson type matrices, orthogonal designs and complex Hadamard matrices. 
1. Introduction and Basic Definitions 
This paper uses sets of matrices first introduced by Seberry and Whiteman [1] to 
find new classes of Hadamard matrices, Williamson type matrices, orthogonal 
designs and complex Hadamard matrices. We write J for the matrix of ones, I for 
the identity matrix and A T for the transpose of the matrix A. 
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Definition 1. Suppose A l , ... , As are (1, -1) matrices of order m satisfying 
AiAj = J, 
AT Aj = AJ Ai = J, 
s 
i, j E {l, ... , s} 
i oF j, i, j E {l, ... , s} 
L (AiAT + AT Ai) = 2smIm 
i=l 
JAi = A;l = aJ, i E {1, ... ,s}, a constant 
(5) 
(6) 
(7) 
(8) 
Call A l, ... , As a regular s-set of matrices of order m if Eq. 5-7 are satisfied [2, 1] 
and a regular s-set of regular matrices if Eq. 8 is also satisfied. 
J. Seberry and A.L. Whiteman [1] proved that if q == 3 (mod 4) is a prime power 
there exists a regular!(q + I)-set of regular matrices of order q2, say Ai, i = 1, ... , 
!(q + 1) satisfying A;l = J Ai = qJ. 
Definition 2. Four (1, -1) matrices Xl' X 2 , X 3' X 4 of order n satisfying 
XlX[ + XzX! + X3 Xr + x4 xI = 4nIn 
and 
uv T = VU T 
where U, V E {Xl'X2 'X3'X4 } will be called Williamson type matrices. 
Williamson and Williamson type matrices are discussed extensively by Baumert, 
Miyamoto, Seberry, Whiteman, Yamada and Yamamoto [2-13]. 
Definition 3. The matrix M = (mij) of order m satisfying ml •j + l = mi . j + i , where the 
subscripts are the residues of m, is called a circulant matrix. If m1.j = mi . j - i + l , M is 
called a back-circulant matrix. 
Definition 4. An orthogonal design A, of order p and type (s l, ... , sJ, denoted by 
o D(p; s l, ... , sJ, on the commuting variables ± Xl' ... , ± x., 0 is a matrix of order 
p with entries ± Xl' ... , ± x., 0 satisfying 
AAT = (s x 2 + ... + s x 2 )I 1 1 • • p 
Definition 5. Let C be a (1, -1, i, - i) matrix of order c satisfying CC* = cIc , where 
C* is the Hermitian conjugate of C. We call C a complex Hadamard matrix of order c. 
From [14], any complex Hadamard matrix has order 1 or order divisible by 2. 
Let C = X + iY, where X, Y consist of 1, -1, 0 and X 1\ Y = 0 where 1\ is 
the Hadamard product. Clearly, if C is a complex Hadamard matrix then XX T + 
yyT = cIc, XyT = YX
T 
2. Product of Two Sets of Matrices 
Theorem 1. If there exist a regular s-set of matrices of order m and a regular 
t( = sm)-set of matrices of order n then there exists a regular s-set of matrices of order 
mn. 
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Proof. Let {A 1 = (ai~)' A2 = (a~), .. . , As = (af)} be the regular s-set of matrices of 
order m and {B1, B2, ... , Bt } be the regular t-set of matrices of order of n. 
Define Ci = (cL j) = (aL jB(i-1)m+j+k-1»), i = 1, ... , s a block back circulant matrix, 
so that 
[
a~lB(i_1)m+1 
C, ~ a~'~(H)'+' 
am1 Bim 
ai2 B(i-1)m+2 
a~2B(i-1)m+3 
aimBim ] 
a\~Bu_"'H 
ammBim-1 
Since both {A 1,A2, ... ,As} and {B1,B2, ... ,Bt } are regular r-set of matrices, r = s, 
t respectively, we have 
CiCj = Jm x I n = Jmn , i, j E {1, ... ,s} 
CiCI = CICi = Jm x In = Jmn , i i= j, i, j E {1, ... ,s} 
To show 
s 
I (CiCr + CrC;) = 2smnImn 
i=l 
note that (aL j)2 = 1 so the diagonal element of CiCr + Cr Ci is 
m 
I (B(i-1)m+jB(~-1)m+j + B(~-1)m+jB(i-1)m+j) 
j=l 
and hence the diagonal element ofI:=l (CiCr + CrC;) is 
sm 
I (BjBI + BI Bj) = 2tnIn = 2smnIn 
j=l 
The off-diagonal elements of CiCr are given by 
m 
= I a~jaLJ 
j=l 
(9) 
So the off-diagonal element ofIi=l (CiCr + Cr C;), is, taking into account diagonal 
elements of Eq. 9 for A 1, ... , As is zero, 
s m 
I I (a~jaLj + ajhajk)J = 0 o 
i=l j=l 
We also note that if BjJn = bJn and A;1m = aJm, (part Eq. 8 of the Definition 1), 
then 
and C;1mn = abJmn . Similarly JmnCi = abJmn . Thus we have 
Corollary 1. If there exist a regular s-set of regular matrices of order m and a regular 
t( = sm)-set of regular matrices of order n then there exists a regular s-set of regular 
matrices of order mn. 
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We now use a result of Seberry and Whiteman [1] who showed that if q == 3 (mod 
4) is a prime power there exists a regulart(q + I)-set of regular matrices of order q2. 
Corollary 2. If both q == 3 (mod 4) and (q + I)q2 - 1 are prime powers there exists a 
regular t(q + I)-set of regular matrices of order q2((q + I)q2 - 1)2. 
Proof Note (q + 1)q2 - 1 == 3 (mod 4). By [1], there exist both a regular t(q + I)-set 
of regular matrices of order q2 and a regular t(q + I)q2-set of regular matrices of 
order ((q + I)q2 - 1)2. Using Theorem 1, we have a regular t(q + I)-set of matrices 
of order q2((q + l)q2 - 1)2. D 
A result of Seberry and Whiteman (see Theorem 12 of [1]) would now give the next 
Corollary which is new. We shall give another proof of their results in the section 
entitled "Williamson Type Matrices." 
Corollary 3. If both q == 3 (mod 4) and (q + l)q2 - 1 are prime powers there exists 
an Hadamard matrix of order q2(q + 1)((q + l)q2 - 1)2. 
Proof By Theorem 1, there exists a regular t(q + I)-set of matrices of order 
q2(q2(q + 1) - 1)2. On the other hand, from the Index, [2], there exists an 
Hadamard matrix of order q + 1. Finally, by Theorem 12, [1], we have an 
Hadamard matrix of order q2(q + l)(q2(q + 1) - 1)2. D 
Theorem 2. If there exist a regular s-set of matrices of order m and a regular t-set of 
matrices of order n then there exists a regular s-set of matrices of order mn, when 
2t = sm (m is odd). 
Proof Let {Al = (ai~)' A2 = (a~), ... ,As = (at)} be the regular s-set of matrices of 
order m and {Bl' B2, ... , Bt } be the regular t-set of matrices of order n. Note t = t sm, 
ts is an integer as 2t = sm and m is odd. Set ts = r. For i = 1, ... , r, define 
Ci = (dj ) = (a!jB(i-l)m+j+k-l»)' note Ci is a back circulant matrix of blocks i.e. 
[
a~ 1 B(i-l)m+l 
C, ~ a\)~"-J)m., 
amlBim 
a~mBim ] 
a\~B(H)mH 
ammBim-l 
and for i = r + 1, ... , 2r = s, Ci = (d) = (atjB(~_l)m+j+k-l»)' i.e. 
a~2Br;_l)m+2 
a~2B(~_l)m+3 
a~mBi'!;, ] 
i T a2m B(i-l)m+1 
a~mBi'!;,-l 
Since both {A l ,A2, ... ,As} and {Bl ,B2, ... ,Bt } are regular I-set of matrices, 1= s, 
t respectively, we have 
CiCj=Jm x In=Jmn , i,jE{l, ... ,s} 
CiCT = CTCi = Jm x I n = Jmn , i #- j, i, j E {l, ... ,s} 
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We now prove II=1 (CjCr + CrC;) = 2smnImn . Note that (aLY = 1 so the diagonal 
element of CjCr + Cr Cj is 
for i = 1, ... , rand 
m 
L (B(i-l)m+jB(~-1)m+j + B(~-1)m+jB(i-1)m+J 
j=1 
m 
I (B(~-1)m+jB(i-1)m+j + B(i-1)m+jB(~-1)m+J 
j=1 
for i = r + 1, ... , s. So the diagonal element of LI=1 (CjCr + Cr C;) is 
rm t 
2 L (BjBI + BI BJ = 2 L (BjBI + BI BJ = 2· 2tnIn = 2smnIn 
j=1 j=1 
The off-diagonal elements of CjCr are given by 
m 
~ i i T 
L... (ahjakj B(i_l)m+j+h-1 B(i-1)m+j+k-1)' 
j=1 
m 
= L a~jakjJ 
j=1 
for i = 1, ... , r. By the same reasoning, the ofT-diagonal elements of CjCr are also 
m 
L a~jakJ 
j=1 
h -# k, i = r + 1, ... , 2r = s. Hence the ofT-diagonal element of L;~1 (C;Cr + Cr C;) 
is zero, using 
m m 
L L (a~jakj + ajhajk)J = 0 o 
;=1 j=1 
By the same reason as in the proof for Corollary 1, we have 
Corollary 4. If there exist a regular s-set of regular matrices of order m and a regular 
t-set of regular matrices of order n then there exists a regular s-set of regular matrices 
of order mn, when 2t = sm (m is odd). 
Corollary 5. If both q = 7 (mod 8) and t(q + l)q2 - 1 are prime powers there exists 
a regular Hq + I)-set regular of matrices of order q2(t(q + l)q2 - 1)2. 
Proof. Note t(q + l)q2 - 1 = 3 (mod 4). By [1], there exist both a regular t(q + 1)-
set of regular matrices of order q2 and a regular t(q + l)q2-set of regular matrices 
of order (i(q + l)q2 - 1)2. Using Theorem 2, we have a regular i(q + I)-set of 
regular matrices of order q2(t(q + I)q2 - 1)2. 0 
By the same reasoning as in the proof for Corollary 3, we have 
Corollary 6. If both q = 7 (mod 8) and i(q + l)q2 - 1 are prime powers there exists 
an Hadamard matrix of order of q2(q + I)(t(q + l)q2 - 1)2. 
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Theorem 3. If there exist a regular s-set of matrices of order m and a regular t-set of 
matrices of order n then there exists a regular 2s-set of matrices of order mn, when 
t = 2sm. 
Proof Let {A1 = (al), A2 = (al-), ... , As = (at)} be the regular s-set of matrices 
of order m and {B1' B2, ... ,Bt } be the regular t-set of matrices of order of 
n. 
Define 
~ ai,B'Hl"H a~2B(i-1)m+2 a~"B'"l 
C. = a21 B(i-1)m+2 a~2B(i-1)m+3 a~~B"_""H , 
a~1Bim a~2B(i-1)m+1 ammBim-1 
and 
~a~'B'H'"H a~1B(i-1)m+2 a~'B'"l 
C," ~ a~'~'H'"" a~2B(i-1)m+3 a~~B'H'"+' 
a~mB(i-l)m+1 a1m Bim ammBim-1 
i = 1, ... , s. By the same reasoning as in the proofs for Theorem 1 and Theorem 2, 
we have 
CiCj = Jm x I n = Jmn , i, j E {1, ... , s} 
CiCT = CTCi = Jm x I n = Jmn , i=/-j, i,jE{1, ... ,s} 
and 
s 
L (CiCr + CrC;) = 2smnImn 
i=1 
Corollary 7. If there exist a regular s-set of regular matrices of order m and a regular 
t-set of regular matrices of order n then there exists a regular 2s-set of regular matrices 
of order mn, when t = 2sm. 
Corollary 8. If both q == 3 (mod 4) and 2(q + 1)q2 - 1 are prime powers there exists 
a regular (q + 1)-set of regular matrices of order q2(2(q + 1)q2 - 1)2. 
Proof. Note 2(q + 1)q2 - 1 == 3 (mod 4). By [1], there exist both a regular t(q + 1)-
set of regular matrices of order q2 and a regular (q + 1)q2-set of regular matrices of 
order (2(q + 1)q2 - 1)2. Using Theorem 3, we have a regular (q + 1)-set of regular 
matrices of order q2(2(q + 1)q2 - 1)2. D 
By the same reasoning as in the proof for Corollary 3, we have 
Corollary 9. If both q == 3 (mod 4) and 2(q + 1)q2 - 1 are prime powers there exists 
an Hadamard matrix of order of 2q2(q + 1)(2(q + 1)q2 - 1)2. 
We note that if t = 2 in Theorems 1,2,3 the conditions t = sm,2t = sm, t = 2sm 
can be removed and a completely different proof obtained. 
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Lemma 1. If there exist a regular 2s-set of regular matrices of order m and a regular 
2-set of regular matrices of order n then there exist a regular 2s-set of regular matrices 
of order mn. 
Proof Let {A 1 , ... ,A2s } be the regular 2s-set of regular matrices of order m and 
{B, C} be the regular 2-set of regular matrices of order n. Set 
D2i- 1 = A2i-! x t(B + BT) + A2i x t(B - BT) 
D2i = A2i- 1 X He - eT) + A2i x He + eT), i = 1, ... , s 
By long verification, we prove that {D 1 , ... ,D2s } is a regular 2s-set of regular 
matrices of order mn. 0 
Corollary 10. If there exist a regular s-set of regular matrices of order m there exists 
a regular s-set of regular matrices of order 9im, where i = 0, 1, .... 
Proof From Seberry-Whiteman (Lemma 2 and Corollary 3 in [lJ), there exists a 
regular 2-set of matrices of order 9 i , i = 1,2, .... Using Lemma 1, we have a regular 
s-set of regular matrices of order 9im, where i = 0, 1, ... . 0 
Using Corollary 10, we extend Corollary 3, 6, 9 to give 
Corollary 11. (i) If both q == 3 (mod 4) and (q + 1)q2 - 1 are prime powers there exists 
an Hadamard matrix of order q2(q + l)«q + 1)q2 - 1)29 i , where i = 0, 1, .... 
(ii) If both q == 7 (mod 8) and t(q + 1)q2 - 1 are prime powers there exists an 
Hadamard matrix of order of q2(q + l)(Hq + 1)q2 - 1)29 i , where i = 0,1, .... 
(iii) If both q == 3 (mod 4) and 2(q + 1)q2 - 1 are prime powers there exists an 
Hadamard matrix of order of 2q2(q + 1)(2(q + 1)q2 - 1)29 i , where i = 0, 1, .... 
3. Hadamard Matrices 
We give another proof of Seberry and Whiteman's Theorem [1]. 
Theorem 4. If there exists an Hadamard matrices of order 4h and a regular s( = 2h)-set 
of matrices of order m there exists an Hadamard matrix of order 4hm. 
Proof Let {A 1, ... , As} be the regular s-set of matrices of order m and H = (hij ) be 
the Hadamard matrix of order 4h. Set Ll = (hijAj+i- 1 ), L2 = (h i,2h+jAIh+j+i-d, 
L3 = (h2h+i,jA2h+j+i-d, L4 = (h 2h+i,2h+jA!-H-d, where i, j = 1, ... , 2h and all the 
subscripts j + i - 1 are the residues of 2h. Set 
E = [~: ~:J 
We now prove E is an Hadamard matrix of order 4hm. Let 
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where E 1 , E2 , ••• , E4h are of order m x 4hm. It is easy to verify EiEJ = 0, if i i= j 
and EiEl = I~~1 (Ak A[ + A[ Ak) = Lk=1 (Ak A[ + A[ Ad = 2smIm = 4hmIm. Thus 
EET = 4hmI4hm. 0 
4. Williamson Type Matrices 
We find new constructions for Williamson matrices not given by Miyamoto [11] 
or Seberry and Yamada [2, 13]. This theorem differs from that of Seberry [6] as it 
does not need regular sets of regular matrices. 
Theorem 5. If there exist Williamson type matrices of order n and a regular s( = 2n)-set 
of matrices of order m then there exist Williamson type matrices of order m. 
Proof Let A = (aij), B = (bij), C = (cij), D = (dij ) be the Williamson type matrices 
of order nand {R 1, ... , Rs} be the regular s-set of matrices of order m. Set E = 
(aijR j+i- 1 ), F = (bijRn+j+i-d, G = (CijRJ+i-d, H = (dijR~+j+i-d, where i,j = 1, ... , 
n and the subscriptsj + i-I are the residue of m. It is easy to show UV T = VU T , 
for U, VEE, F, G, H. we now prove 
EET + FFT + GGT + HHT = 4mn1mn 
where Ei, Fi, Gi, Hi are of order m x mn. By the conditions of Williamson type ma-
trices and Eq. 1-3, it is easy to verify that if i i= j, EiEJ + FJI + GiGI + HiHI = 
0. On the other hand, EiET + FiFt + GiGr + HiHr = L~~1 (RkR[ + R[ Rk) = 
If=1 (RkR[ + R[ Rk) = 2smlm = 4mnIm • Thus EET + FFT + GGT + HHT = 
4mnlmn · 
Corollary 12. If n is the order of Williamson type matrices and 4n - 1 is a prime power 
then there exist Williamson type matrices of order n(4n - 1)29', t = 0, 1, '" . 
Proof Clearly, 4n - 1 == 3 (mod 4). By [1], there exists a regular 2n-set of regular 
matrices of order (4n - 1)2. Using Corollary 10, we have a regular 2n-set of regular 
matrices of order (4n - 1)29 i . From Theorem 4, we have Williamson type matrices 
of order n(4n - 1)29 i , i = 0, 1, ... . D 
Let n = 5, t = 1 in Corollary 12, then we obtain new Williamson type matrices 
of order 5.192.9 = 16245. Let n = 13, t = 0, then we have new Williamson type 
matrices of order 13 .152 = 33813. Also special cases of Corollary 12 give more 
Williamson type matrices. 
Corollary 13. If both p == 1 (mod 4) and 2p + 1 are prime powers there exist 
Williamson type matrices of order !(p + 1)(2p + 1)29 i , where i = 0, 1, .... 
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Proof From the Index of [2J, there exist Williamson matrices of order t(p + 1). 
Using Corollary 12, we have Williamson type matrices of order Hp + 1)(2p + 1)2 9i , 
where i = O,},... . 0 
Corollary 14. If 28· 3i - 1 is a prime power there exist Williamson type matrices of 
order 7· (28, 3i - 1)23i +2j, where i, j = 0,1, .... 
Proof From the Index of [2J, there exist Williamson type matrices of order of 7 . 3i , 
where i = 0, 1, ., .. By corollary 12, we have Williamson type matrices of order 
7· (28' 3i - 1)23i+2j. 0 
Let i = j = 1 in Corollary 14, then we have new Williamson type matrices of order 
7(28' 3 - 1)' 27 = 15687. 
5. Orthogonal Designs 
Theorem 6. If there exist an OD(4h;Sl, ... ,SJ, where 4h = 'LJ=lSj and a regular 
t( = 2h)-set of matrices of order n then there exists an OD(4nh;ns 1 ,· .. , nsJ. 
Proof The proof is the same as the proof for Theorem 4, except the Hadamard 
matrix is replaced by an orthogonal design. D 
Corollary 15. If there exists an OD(4h; Sl"'" sJ, where 4h = IJ=l Sj' then there 
exists an OD(4h(4h - 1)29i ; (4h - 1)29 is1 , ... , (4h - 1)29
isJ, where i = 0, 1, ... , when 
4h - 1 is a prime power. 
Proof Since 4h - 1 == 3 (mod 4), a prime power, by [IJ, there exists a regular 2h-set 
of regular matrices of order (4h - 1)2. Note Corollary 10, then we have a regular 
2h-set of regular matrices of order (4h - 1)29i, where i = 0, 1, .... Using Theorem 
6, we have an OD(4h(4h - 1)29i ; (4h - 1)29is1 , ... , (4h - 1)
29isJ, where i = 0,1, .... 
D 
By corollary 15, for example, we have an OD(20· 192 . 9i ; 5 . 192 . 9i, 5 . 192 . 9i, 5 . 
192 • 9i, 5 '192 . 9i ), an OD(60' 592. 9i ; 15· 592. 9i, 15· 592 . 9i, 15· 592 • 9i, 15.592. 9i ), 
an OD(108 . 1072 • 9i ; 27 . 1072 • 9i, 27 . 1072 • 9i , 27 . 1072 • 9i, 27 . 1072 . 9i ), an 
OD(140· 1392 • 9i ; 35 . 1392 . 9i , 35 . 1392 • 9i, 35 . 1392 • 9i , 35 . 1392 • 9i ). 
6. Complex Hadamard Matrices 
Theorem 7. If there exist a complex Hadamard matrix of order 2c and a regular 
s( = 2c)-set of matrices of order m then there exists a complex Hadamard matrix of 
order 2cm. 
Proof Let {A l' ... , As} be the regular s( = 2c)-set of matrices of order m and C = 
X + iY be the complex Hadamard matrix of order 2c, where both X and Yare 
(1, -1) matrices satisfying X 1\ Y = 0, XXT + yyT = 2cI2C' XyT = yXT. Let 
P = X + Y and Q = X - Y. Then both P and Q are (1, -1) matrices of order 2c 
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and P pT + QQT = 4cI 2e, PQT = QpT. Let P = (P;i) and Q = (q;i)' i, j = 1, 00., 2c. 
Set E = (PijA;+i-l) and F = (qijA;+i-l f, where i, j = 1, ... , s and the subscripts 
i + j - 1 are the residues of m. Clearly, both E and Fare (1, -1) matrices of 
T T . E2 F2 
order 2cm, since both P and Q are ([IE~ll) matriceS[~lorder 2c. We now prove 
EE + FF = 4cmI2em· Rewnte E = Land F = in ,where E; and F; are 
matrices of order m x sm. Note 
8 
E;ET + F;Ft = L (PijPijA;+i-l AT+i-l + %%AT+i-l A;+i-d 
i=l 
8 
= L (AjAT + AT A) = 2smIm 
j=l 
On the other hand, if i # k, 
Thus 
8 
E;E[ + F;F{ = L (pijPkjA;+j-l A[+j-l + q;jqkjAT+i-l Ak+j-d 
j=l 
8 
= L (PijPkj + q;jqkJJm = 0 
j=l 
EET + F FT = 2smI8m = 4cmI 2em 
Finally, Set U = hE + F) and V = 1(E - F). Note both E and Fare (1, -1) 
matrices of order 2cm then both U and V are (1, -1,0) matrices of order 2cm 
satisfying U /\ V = 0, UU T + VV T = t(E£Y + F FT) = 2cmI2em . Since PQT = QPT, 
EFT = FET and UV T = VU T. Thus U + iV is a complex Hadamard matrix of 
order 2cm. 0 
Corollary 16. If both P == 1 (mod 4) and 2pi(p + 1) - 1 are prime powers then there 
exists a complex Hadamard matrix of order pj(p + 1)(2pj(p + 1) - 1)2, where j = 
1,2'00' . 
Proof. Obviously, 2pj(p + 1) - 1 == 3 (mod 4). By [1], there exists a regular 
pi(p + I)-set of matrices of order (2pi(p + 1) - 1)2. From Corollary 18, [15], there 
exists a complex Hadamard matrix of order pj(p + 1). Using Theorem 7, we have 
a pj(p + 1)(2pi(p + 1) - 1)2. 
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